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The interfacial mechanics of soft elastic solids and nematic liquid crystals is presented. The theory can be
applied to interfaces involving gels, elastomers, biomaterials, and thermotropic nematic liquid crystals. A
model of anisotropic elastic interfaces is formulated and used to derive two fundamental capillary quantities: �i�
interfacial torques on the nematic orientation, and �ii� capillary pressure. The couplings between soft-solid
deformation and liquid-crystal anisotropic interfacial tension is shown to lead to strain-induced anchoring
transitions, and strain-induced morphological instabilities.
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I. INTRODUCTION

Liquid crystals are anisotropic viscoelastic materials used
in the manufacture of elctrooptical systems, temperature and
chemical sensors, structural composites, and carbon fibers
�1–5�. In many of these applications, deformable liquid-
crystal–soft-solid interfaces play a significant role. For ex-
ample, the use of liquid-crystal vision to detect protein ad-
sorption and biomolecular interaction involves interfaces
between liquid crystals and deformable biological layers �5�.
Assembly of phospholipids at the interface between liquid
crystals and aqueous phases �5� is another example of an
elastic anisotropic surface, where the adsorbed phosphipid
layer is well known �6� to contribute to the surface elasticity
and where the anisotropy comes through the liquid crystal-
line phase. In addition, liquid crystal ordering is found in
many biological systems, where the substrate is likely to be a
soft elastic solid �7�. Moreover, it has been found experimen-
tally that confined liquid crystal between soft solids can de-
form the surface through the action of stresses in the con-
fined liquid crystals �8�. These few examples and
experimental evidence �8� highlight the need for a funda-
mental understanding of deformable soft-solid–liquid-crystal
interfaces. The term soft solid in this paper refers to materi-
als such as polymer gels, biological tissues and materials,
and elastomers, with a typical modulus of elasticity of the
order of 103 Pa.

Elastocapillary phenomena in soft-solid–isotropic-liquid
interfaces is an active area of research, since fundamental
processes such as elastic wetting and dewetting involve con-
tributions from soft-solid strain �9�. For these isotropic inter-
faces, it is found that interface tension creates interface dis-
tortions in the vicinity of contact lines that are balanced by
solid stress �10–14�. Deformable solid-solid interfaces have
also received attention since stress is a driving force for in-
terface structuring �15–18�. An example is the Grinfeld in-
stability, in which the flat interface of a strained solid can
relieve stress by interface buckling �16,18�. In anisotropic
solids it has already been demonstrated that interface strain
and interface orientation contribute to the interfacial energy
�17,18�. The coupling between strain and interface orienta-
tion provides a pathway to structure interfaces by strain re-
lease �17�. Elastocapillarity in liquid-crystal–soft-solid inter-
faces provides a fertile ground to exploit interface structuring

by coupling soft-solid elasticity with the anisotropic interface
tension of liquid crystals.

In anisotropic interfaces of deformable solid films, the
expression of the interface tension that captures observed
morphological transitions is �18,19�

� = �iso + �s�k,bs� , �1�

where �iso is the isotropic and �s�k ,bs� the strain contribu-
tion, k is the unit normal, and bs is the elastic deformation or
strain in the current configuration. On the other hand, for
nematic liquid-crystal surfaces and interfaces, a well-
established interface energy is known as the Rapini-Papoular
energy �20–22�:

��k,n� = �iso + �an�k,n� , �2�

where �iso is the isotropic and �an�k ,n� the anisotropic con-
tribution, and n is the interface average molecular orienta-
tion, or director. Based on these well-established interface
tension expressions for liquid crystals and anisotropic solids,
it follows that for interfaces between soft solids and nematic
liquid crystals we can expect that the interface energy com-
bines the soft-solid deformation and the anisotropic nature of
nematics, and should be given by

��k,n,bs� = �iso + �s�k,n,bs� + �an�k,n� . �3�

Given this orientation-shape-strain dependent interface ten-
sion, the issue then becomes to determine the fundamental
capillary quantities �19,23,24�: �i� interfacial torques that de-
termine the nematic average molecular orientation n, �ii�
capillary pressures that determine the interface shape, and
�iii� tangential Marangoni forces I along the interface.

Figure 1 shows a schematic, adapted from �25�, of the
four basic surface deformation modes: extension, shear,
bending, and twisting. In this paper the energy associated
with these surface deformations is taken into account. Figure
2 shows a schematic of a shear deformation for homeotropic
anchoring �top�, and a shear deformation for planar anchor-
ing �bottom�. In this paper the energies associated with sur-
face deformation depend on the director surface orientation,
and hence the energy associated with the upper right state
�sheared homeotropic surface patch� is different than the one
corresponding to the lower right state �sheared planar surface
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patch�. This paper analyzes the additional contributions that
arise when coupling surface deformation and director an-
choring. It should be mentioned that the sheared homeotropic
surface patch represents an isotropic surface, while the
sheared planar surface patch has maximum anisotropy, since
the director lies on the surface at a specific direction. This
paper also elucidates the role of anisotropy on surface defor-
mations.

The objectives of this paper are �1� to present an interfa-
cial tension model based on well-established liquid-crystal
interface physics and deformable solid film elasticity, �2� to
use the theory to determine the two fundamental capillary
quantities �interface orientation and interface shape�, and �3�
to provide examples of expected phenomena. Emphasis is
placed on interface processes, but the derivations of the full
set of bulk and interface balance equations is necessary to
extract the expressions that describe the capillary processes.

The organization of this paper is as follows. Appendix A
presents derivations of the geometry, and deformations of an
anisotropic elastic interface, including the bulk and interface

Finger strain tensor, used throughout the paper. Section II
presents the geometry of solid-liquid crystal system, and pre-
sents the force and torque balance equations, needed to de-
scribe interfacial processes. Details of the derivations of the
balance equations are given in Appendix B while Appendix
C presents the bulk elastic energies, the bulk stress tensors,
and the bulk torques and couples. Section III presents the
interfacial energy and discusses the coupling between defor-
mation and orientation. Section IV presents the derivation of
the interfacial stress tensor. Appendix D presents the specific
contributions to the interface stress tensor arising from solid
elasticity. Section V presents the Cahn-Hoffman capillary
vector, used to compute capillary pressure. Section VI pre-
sents expressions used to analyze two capillary processes: �a�
interface torque and interface orientation, and �b� capillary
pressure and interface shape equation. Section VII presents
the following applications for the two capillary processes: �a�
the interface torque equation is used to show strain-induced
interface orientation transitions, and �b� the capillary pres-
sure equation is used to show strain-induced interface shape
undulations.

II. INTERFACIAL GEOMETRY AND BALANCE
EQUATIONS

In this section we present a complete set of force and
torque balance equations for soft-solid–nematic-liquid-
crystal interface phases. The detailed derivations are shown
in Appendix B; since interfacial balance equations are de-
rived in conjunction with bulk balance equations, the latter
are also included in Appendix B. Since liquid crystals are
anisotropic materials �22�, the interactions across the inter-
face includes not only forces but also couples �23�. In nem-
atic liquid crystals, couple stresses arise due to director gra-
dients, such that elastic torques are generated between
neighboring domains attempting to eliminate the gradients
�for an example, see p. 158 of �23��. An important issue is to
find a suitable framework for interfaces between elastic iso-
tropic solids and elastic anisotropic liquid crystals. In this
paper we use the approach of the polar nematic model �26�,
which is equivalent the Leslie-Ericksen model and has
proven useful to model contact line and capillary processes
�26,27�. In the original Leslie-Ericksen model the director
equation is given in terms of torques �22�, while in the polar
nematic version the director equation is given in terms of
asymmetric stress vector and gradients of couple stresses
�26�. The notion of couple stresses appears in most theories
of materials with microstructure, and hence the use of the
polar nematic model helps establish the connections between
liquid crystal theories and polar fluid theories �26�.

In this paper we analyze the statics of a soft-solid �SS�–
nematic �N� liquid-crystal interface. The nematic bulk region
is RN and the soft solid region is RSS. The total bulk region
R is the union of the two bulk regions: R=RN+RSS. The
outer bounding interfaces of the two bulk regions are, respec-
tively, SN,SSS. The outward bounding interface of R is S
and is the union of the two interfaces: S=SN+SSS. The in-
terface of discontinuity between RN and RSS is �. The outer
bounding edge of � is C. The total bounding interface for the

FIG. 1. Schematic of the four basic deformation modes of a
square reference surface: extension, shear, bending, and twisting.
Adapted from �25�.

FIG. 2. Schematic of the shear deformation of the square refer-
ence surface patch, with homeotropic �top� and planar orientation
�bottom�. The dots �upper figures� indicate that the directors are
normal to the surface, and the rods �bottom figures� indicate that the
directors �average molecular orientation� are tangential to the sur-
face patch.
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nematic phase is �+SN. The unit vector k is the normal to
the interface of discontinuity � and is directed from RSS into
RN. The outward unit normal to edge C is �. Figure 3 shows
a schematic of the bulk and interfacial geometry and defini-
tion of the volumes �RN,RSS�, bounding interfaces
�SN,SSS�, interface of discontinuity ���, edge �C� of the in-
terface of discontinuity �, and normal vectors �k ,��. The
tensor notation used in this paper is

�A · n�� = A��n�;�A · B���

= A��B��;�� · A��

= ��A��;A��

= �f/���n�.

To derive the bulk and interfacial force balance equations
we need to introduce the following stress tensors: bulk stress
tensors, Tb

i �energy/volume�, interface stress tensor Ts
�energy/area�; the superscript “i“ in Tb

i refers to the phase:
i=N �nematic liquid crystal� and i=SS �soft solid�. Tb

N is the
stress tensor in the nematic phase and Tb

SS is the stress tensor
in the soft solid phase. The dimensionality of the bulk and
interface stress tensors are Tb

N and Tb
SS are 3�3, and Ts is

2�3. The soft-solid phase is isotropic and hence the bulk
stress tensor is symmetric: Tb��

SS =Tb��
SS . To derive the bulk

and interfacial torque balance equations we need to introduce
the following duals �23�: Tbx

N =−� :Tb
N for the nematic bulk

phase, and Tsx=−� :Ts for the interface; following traditional
usage, the second subscript “x” denotes dual and � is the 3D
alternator tensor. The dual vectors contain the asymmetric
information of the stress tensors. In addition we have to take
into account the nematic bulk couple stress tensor Cb

N

�energy/area� �22,26,27�. In this paper we assume that the
interface energy is independent of orientation gradients and
hence no interface couples �Cs=0� are taken into account; if
warranted by experimental observation, interface couple ef-
fects can be incorporated in future work. Due to their 2�3
dimensionality the interface stress tensor Ts obey �23�

Ts = Is · Ts, �4�

where Is=Is
T=I−k ·k is the interface idem factor and k is

the unit normal. Figure 4�a� shows a schematic of the com-
ponents of the surface stresses Ts, on a surface patch defined
by a local coordinate system �u1 ,u2� and the unit normal k.
Surface stresses have tangential �T11,T22,T21,T12� and bend-
ing �T13,T23� components and arise through the interactions
between the soft solid and the nematic liquid crystal. Jumps
in the bulk stresses �k ·Tb� and couple stresses across inter-
faces are defined by �24�

�k · Tb� = k · �Tb
SS − Tb

N� , �5a�

�k · Cb� = k · �Cb
SS − Cb

N� = k · Cb
N, �5b�

where Cb
SS=0 was used. The bulk �b and interface �s

torques acting on the director are given in terms of the stress
duals and couples as follows �23�:

�b = Tbx + � · Cb �6a�

�s = Tsx + �s · Cs = Tsx, �6b�

where Cs=0 was used. The original Leslie-Ericksen model
uses torques ��b ,�s�, while the polar nematic version of the
model uses stress duals �Tbx,Tsx� and couples �Cb ,Cs�. In
the absence of interface couples �Cs=0�, the interface

FIG. 3. Schematic of the geometry and definition of the volumes
�RN,RSS�, bounding interfaces �SN,SSS�, interface of discontinuity
���, edge �C�, and normal vectors �� ,��.

FIG. 4. �a� Schematic of the components of the interfacial stress
tensor Ts, on a surface patch defined by a local coordinate system
�u1 ,u2� and the unit normal k. Surface stresses have tangential
�T11,T22,T21,T12� and bending �T13,T23� components. �b� Sche-
matic of the torques acting on the surface director on a surface
patch defined by a surface coordinate system �u1 ,u2� and the out-
ward unit normal k. Here � is the polar angle, and 	 the azimuthal
angle.
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torques �s acting on the director arise from asymmetric
stress �Tsx�. Figure 4�b� shows a schematic of the torques
acting on the surface director on a surface patch defined by a
surface coordinate system �u1 ,u2� and the outward unit nor-
mal k. Under the action of �
1 ,
2� the director tilts away or
toward the unit normal k; here � is the polar angle. On the
other hand, �
3� causes a precession around k, described by
change in the the azimuthal angle 	. In the present model

3=0 and the surface imparts no preference on the selection
of the azimuthal angle. When all the interfacial energy is
independent of the azimuthal angles, the state is known as
conical degeneracy �p. 110 of �22��.

The derivation of the bulk and interface force balance
equation starts with a balance of all forces acting on the
bounding surface S of R, the edge C of the interface, the bulk
R, and interface � �24�:

�
S

�� · Tb�dA + �
C

� · Tsd + �
R

�bzbdV + �
�

�szsdA = 0,

�7�

where ��b ,�s� are the bulk and interfacial densities, and
�zb ,zs� are the bulk and interface body forces per unit mass.
As shown in Appendix B, use of 3D and 2D divergence
theorems in conjunction with Eq. �7� leads, after some alge-
bra, to the following bulk and interface force balance equa-
tions:

bulk elastic solid �RSS�: � · Tb
SS + �b

SSzb = 0 , �8�

bulk nematic liquid crystal �RN�: � · Tb
N + �b

Nzb = 0 ,

�9�

interface ���: �s · Ts + �szs + k · �Tb
SS − Tb

N� = 0 .

�10�

Equation �11� is the force balance equation at an interface
and states that the stress jump at the interface �k · �Tb

SS

−Tb
N�� is balanced by gradients in surface stresses and body

forces ��s ·Ts+�szs�. Soft-solid elasticity effects are incorpo-
rated in �Ts ,Tb

SS� and in the shape of the interface �k�. For
rigid interfaces k is known and interface shape is not part of
the problem, while for soft interfaces k is unknown and must
be found using Eq. �10�.

The derivation of the static bulk and interface torque mo-
ment balance equation starts with a balance of all moments
acting on the system �27�:

LS + LC + LR + L� = 0 �11�

where LS the moment acting on the bounding surface S, LC
on the edge C of the interface, LR on the bulk R, and L� on
the interface �. The moment acting on the bounding surface
LS �27�,

LS = �
S

r � �� · Tb�dA + �
S

�� · Cb�dA �12�

is the sum of stress vector moment r� �� ·Tb� and the bulk
couple vector � ·Cb contributions. For nematic liquid crystals

the bulk couple tensor Cb is due to director orientation gra-
dients:

Cb =
�fg

N

� � n
· � · n = n �

�fg
N

��n
, �13�

where fg
N is the Frank elastic energy �22�, defined in Eq. �4�;

Eq. �13� is discussed in conjunction with Eq. �3.115� of �22�
and Eq. �15� of �26�a��. For isotropic materials Cb=0, and
only the stress terms appears in Eq. �12�. The moment acting
on the edge LC �27�,

LC = �
C

�r � � · Ts�d �14�

arises from the interface stress vector moment r� �� ·Tb�; in
the present model the surface couple vector � ·CS is assumed
to be zero, which implies that there are no energy penalties
due to interfacial director gradients: �����sn�. The moment
acting on the bulk LR is given by �24�

LR = �
R

r � ��bzb�dV �15�

and arises from moments of the bulk body forces �bzb. The
moment acting on the interface L� is given by �24�

L� = �
R

r � ��szs�dV �16�

and arises from moments of the interface body forces �SzS.
As shown in Appendix B, use of the divergence theorem in
conjunction with Eqs. �11� and �13�–�16� leads, after some
algebra, to the following bulk and interfacial torque balance
equations:

bulk nematic liquid crystal �RN�: Tbx
N + � · Cb

N = 0 ,

�17�

interface ���: Tsx − k · Cb
N = 0 . �18�

Equation �17� is the 3D torque balance equation of nemato-
statics �22,27�. Equation �18� is the corresponding 2D torque
balance equation of interfacial nematostatics �27�. In Eq.
�18� no couple from the soft solid is present because this
material is isotropic: Cb

SS=0. If the contacting phases are
assumed to be isotropic, the balance equation reduced to the
statement that the interfacial stress is symmetric: Tsx=0, in
agreement with fluid-fluid interfaces �24�.

The interfacial balance equations will be used in Sec. VII
to analyze interfacial orientation transitions and strain-
induced shape transitions.

III. INTERFACE ELASTICITY

The physics of nematic surfaces and interfaces with rigid
solids or fluids has been widely studied �see, for example,
�20,21,27–37��, while here we study deformable elastic
solid-nematic–liquid-crystal interfaces. The total interfacial
elastic energy adopted in this work is given by
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Fs = �
s
�dA , �19a�

� = �iso + �an + �c, �19b�

where s is the current interface, � is the interfacial tension,
�iso is the isotropic interfacial tension, �an is the anchoring
interfacial tension �20,21,35�, and �c is the strain-orientation
coupling contribution due to the presence of a deformable
elastic solid; if �c=0 we recover an expression widely used
in the field �20,21,35�. The isotropic interfacial tension �iso is
independent of the director orientation n and of the unit nor-
mal k. The interfacial energy density �an is known as the
anchoring energy, and it represents the anisotropic contribu-
tion to the interfacial free energy density associated with
deviations of the director from its preferred orientation due
to the action of torques driven by bulk distortions or external
fields. The preferred orientation or easy axis can be �i� par-
allel to the interface unit normal k, also known as homeotro-
pic, �ii� tilted with respect to k, or �iii� tangential to the
interface, also known as planar orientation �20,21,35�. For
the tilted and planar orientations, unique, multiple, or degen-
erate stability can arise depending on the nature of the ma-
terial in contact with the nematic liquid crystal �35�. In the
present paper we consider unique stability, with the preferred
orientation being either homeotropic or degenerate planar,
meaning that when the preferred orientation is tangential to
the interface all tangential directions are energetically
equivalent.

The anchoring �an energy is given by the Rapini-Papoular
model �20,21,35�:

�an =
�2

2
�n · k�2, �20�

where �2 is the anchoring energy coefficients or anchoring
strengths that represent the polar anchoring strength for
changes in the angle between n and k. The director orienta-
tion that minimizes �an depends on the sign of �2 �20,21,35�.
All of the interfacial anisotropic effects are contained in �an.
The anchoring-strain coupling energy �c is

�c = �bI����
4 �bs��n�n� + n�n�bs��� + �bk����

4

��bs��n�n� + n�n�bs��� , �21�

I����
4 =

1

2
�Is��Is�� + Is��Is���,

����
4 =

1

4
�Is��k�k� + Is��k�k�� , �22�

�c = �bbs:nn
strain-induced orientation

+
�bk

2
�Is:bs��n · k�2

anchoring effect

, �23�

where the first term describes strain-induced orientation, and
the second takes into account renormalization of the anchor-
ing coefficient due to the presence of deformation. Similar
expressions to Eq. �28� arise in elastic surface models of thin
films �18�. The interfacial tension then becomes

� − �iso = �Tan + �bbs:nn , �24a�

�Tan = ��2

2
+

�bk

2
�Is:bs���n · k�2, �24b�

where �Tan is the total anchoring energy. As shown below,
different combinations of these different tensions
�� ,�an ,�Tan,�c�, arise when calculating torques, and capil-
lary pressures.

IV. INTERFACIAL STRESS TENSOR

The expression of the elastic interface stress tensor Ts is
found by noting that �=��Is ,bs ,n ,k� and by using a varia-
tion of the interfacial tension with respect to the three
displacement-related fields �26,33�. Taking into account the
three arguments in the interfacial tension we find that the
interface stress tensor Ts is

Ts�Is,bs,n,k� = Ts
n

normal
+ Ts

SS

elastic
+ Ts

b

bending
, �25�

where Ts
n is the normal �tension� 2�2 interfacial stress ten-

sor exhibit by all interfaces, Ts
SS is the symmetric 2�2 elas-

tic stress tensor, and Ts
b is the 1�2 bending interfacial stress

tensor. The nature of the components of the 2�3 interfacial
stress tensor Ts components is �23,38�

Ts = �T11
SS + T11

n T21
SS T13

b

T12
SS T22

SS + T22
n T23

b � . �26�

Next we briefly describe the origin and nature of the three
stresses: Ts

n, Ts
SS, and Ts

b. The normal stress Ts
n is the 2D

analogue of pressure in 3D and is given by the pure tangen-
tial diagonal tensor �23,24�:

Ts
n = �Is. �27�

This stress appears in all isotropic and anisotropic interfaces
�23�, but in the present model, the normal stress components
�T11

n ,T22
n � are functions of �Is ,bs ,n ,k�. Expanding the differ-

ential d� at constant n we find

d� = Ts
SS:dbs − �Ts

b · k� · dk , �28�

where the conjugate to the interface Finger tensor bs is the
elastic stress tensor Ts

SS, and the conjugate to the outward
unit normal k is the bending stress vector Ts

b ·k, defined by

Ts
b · k = − Is · � ��

�k
	

n,bs

�29a�

→Ts
SS = � ��

�bs
	�s�

n,k
. �29b�

Here the arrow means that Eq. �29a� implies Eq. �29b�. The
superscript �s� denotes tangential and symmetric tensor and
this restriction must be imposed because bs is tangential and
symmetric; in addition the projector tensor Is appears in Eq.
�29a� because the left-hand side �i.e., Ts

b ·k� is a tangential
vector and hence it must obey k · �Ts

b ·k�=0. The tangential
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symmetric elastic stress tensor Ts
SS is obtained using Eq.

�29a� and it is given by

Ts
SS = �Ts

SS�T = � ��

�bs
	

n,k

�s�

=
1

2

Is · � ��

�bs
	

n,k
· Is

+ Is · � ��

�bs
	

n,k

T

= · Is� . �30�

The detailed expressions for the solid contributions to the
interfacial stress tensor are given in Appendix C. The elastic
stress tensor Ts

SS contains shear and normal stresses and
obeys the following restrictions:

Ts
SS · k = 0, �31a�

Ts
SS = Is · Ts

SS = Ts
SS · Is. �31b�

The bending stress tensor Ts
b arises when the interfacial ten-

sion is anisotropic and varies with surface tilting. Using Eq.
�29b� for the bending stress vector Ts

b ·k, it follows that the
bending stress tensor Ts

b is

Ts
b = − Is · � ��

�k
	

n,bs

k . �32�

For isotropic interfaces bending stresses are always zero be-
cause the interfacial energy does not depend on the unit nor-
mal k �27�. For anisotropic interfaces bending stresses are
zero when either of these conditions hold:

Is · ��/�k = 0, or ��/�k = 0 . �33�

The bending stress tensor Ts
b obeys the following restrictions

�23,27�:

Ts
b = Ts

b · kk , �34a�

Ts
b = Is · Ts

SS. �34b�

Given the symmetry of the three interfacial stress compo-
nents, the dual of the interfacial stress tensor is

Tsx = − �:Ts = − �:Ts
b = k � Is · � ��

�k
	

n,bs

�35�

and indicates that interfacial torques arise due to bending
stresses. No torques are associated with diagonal normal
stress Ts

n or symmetric elastic stresses Ts
SS. Expressions �34a�

and �35� were given before �27�, and Eq. �34b� is the ana-
logue of the bulk stress in elastic solids �see Eq. �B6��.

In summary, when comparing elastic and inelastic inter-
faces we find

elastic: Ts = Ts
n + Ts

SS + Ts
b, inelastic: Ts = Ts

n + Ts
b.

�36�

Since in general the surface divergence of the elastic stresses
contribute both to tangential and normal forces �23�:

�s · Ts
s = �Ts,�

s���a� + �m:Ts
s�k �37�

predictions from inelastic model would be incomplete; in Eq.
�37� Ts,�

s�� is the covariant derivative of the contravariant

components of Ts �23�, m is the curvature tensor �see Eq.
�18��, and a� is the surface basis vector �see Eq. �A1c��.

V. CAHN-HOFFMAN CAPILLARY VECTOR

Anisotropic interfaces differ from isotropic interfaces by
the fact that the interfacial tension is a function of interface
orientation. Hoffman and Cahn introduced the concept of
capillary vector to describe the mechanics and thermody-
namics of anisotropic crystal surfaces �19,39,40�. Based on
the Cahn-Hoffman anisotropic crystal capillary vector
model, the corresponding equations for liquid crystal inter-
faces were derived and used to analyze capillary instabilities
and contact line problems �41,42�. In these previous works it
was demonstrated that working with the capillary vector lead
to a great simplification in the description and analysis of
capillary processes, as well as a clear physical picture. Here
we extend this useful approach and derive the Cahn-Hoffman
capillary vector in the presence of elastic stresses.

For anisotropic liquid crystal interfaces, changes in inter-
facial energy can be driven by changes in interfacial area
�expansion or contraction� and changes in interface inclina-
tion � tilting towards or away from the director�. Describing
the interface with spherical coordinates �r ,� ,	�, using as
surface coordinates �u1=� ,u2=	� and surface unit normal
k=�r, and assuming that ��� ,	�, the capillary vector � is
defined by �19,39,40�

� = � �r�� =
��r��

�r
k +

1

r

��r��
��

�� +
1

r sin �

��r��
�	

�	,

�38�

where ��� ,�	� are the orthogonal unit vectors in the �� ,	�
directions, respectively; for additional applications see dis-
cussion of Eq. �1.5� in �39�. Upon simplification Eq. �38�
gives

� = �k + �I − kk� ·
��

�k
�39�

The projection tensor �I−kk� appears in Eq. �39� because
only the tangential part of the vector �� /�k needs to be taken
into account. The capillary vector � satisfies the relation
� ·k=� �19,39,40�. The normal component of the capillary
vector ��=�k describes changes due to area size, and the
tangential component �� = �I−kk� ·�� /�k describes changes
due to area tilting. We note that the capillary vector � is a
function of the director n, the unit normal k, and the inter-
face Finger tensor bs. Direct comparison between Eqs. �27�,
�32�, and �39� shows that the relations between � and normal
and bending stresses are

Ts
n = ��� · k�Is = �Is, �40a�

Ts
b = − ��k = − Is ·

��

�k
k . �40b�

Using Eqs. �25�, �27�, �32�, �40a�, and �40b� the interfacial
stress tensor Ts can be rewritten in a very compact form as

Ts = � · � + Ts
SS, �41a�

ALEJANDRO D. REY PHYSICAL REVIEW E 72, 011706 �2005�

011706-6



� = kIs − Isk , �41b�

where � is a third order asymmetric geometry tensor that
map the capillary vector into a interfacial stress. Using the
definition of the geometry tensor � �Eq. �41b�� in Eq. �41a�
gives a compact expression for the interfacial stress tensor
Ts:

Ts = �� · k�Is + Ts
SS − �� · Is�k �42�

and shows that solid elasticity introduces extensional and
shear stresses; the exact expression for Ts

SS is given in Eq.
�D2�.

In partial summary, this section derived the equation for
the interface stress tensor Ts, which is need to compute cap-
illary pressure �23,24�. In the absence of solid elasticity, the
capillary vector � and the interface stress given in Eqs. �39�,
�40a�, and �40b� agree with previous results �41,42�. The
main differences between elastic and inelastic surfaces are

elastic: Ts = ��n,k,bs� · � + Ts
SS, �43a�

inelastic: Ts = ��n,k� · � �43b�

as a consequence shear stresses are not accounted for in the
classical inelastic formulation. As mentioned above, the pres-
ence and importance of interfacial elastic stresses in insta-
bilities and pattern formation are well known �18,19�.

VI. CAPILLARY PROCESSES

In this section we use the theory to derive expressions for
two fundamental capillary processes: �i� interface torques,
and �ii� capillary pressure. The interface torques determine
the director interface orientation, and the capillary pressure
determines the interface shape �23,24�.

A. Interface torques and interface orientation

Since we neglect interfacial torques �Cs=0�, the interface
torques arise only from asymmetric stress �see Eq. �6b��. To
find the expression for the interface torque �S we use an
analogous procedure as for bulk torques �Eqs. �B12� and Ref.
�22��. Using the principle of rotational invariance �32�,
which states that the energy does not change upon a solid
body rotation, we find, following the standard operations
given in �22,26,32�, that

����� ��

�n�

n� +
��

�k�

k� +
��

�bs��

bs�� +
��

�bs��

bs��	 = 0.

�44�

Thus the second order tensor contained in the parenthesis in
Eq. �44� must be symmetric. Using the principle of rotational
invariance �Eq. �44�� and some algebraic manipulations
shown in Appendix F, we obtain the following expression for
the interfacial torque vector:

�s = n � hs Tan = − n �
��Tan

�n
, �45�

where hs Tan is the interface molecular field, and where the
subscript “Tan” was added to highlight the fact that the in-

terfacial torque is only a function of �Tan. It is worth empha-
sizing that Eqs. �45� shows that the torque on the director �s
only involves the total anchoring energy �Tan �see Eq. �29b��
and is the analogue to the well-known �22� bulk equation
�B10�. Using Eqs. �35� and �45� we find that the following
equality holds:

− n �
��Tan

�n
= k � Is · � ��

�k
	

n,bs

. �46�

Equation �46� establishes the consistency between stress dual
Tsx and director torque �s expressions, since according to
Eq. �6b� they should be equal: �s=Tsx. Equation �46� also
establishes the fact that the torques acting on the director
have no component along the unit normal: �s ·k=0, and
hence there is no surface-driven preferable angle on a circle
centered on the unit normal, a fact known as conical degen-
erancy of the director around k �22�.

In partial summary, in this section we use an efficient
method to derive the director torques at the surface. The
important difference between inelastic and elastic interfaces
in this case is the anchoring energy involved in the torque
expressions:

elastic: �s = − n �
��Tan

�n
, inelastic: �s = − n �

��an

�n

�47�

and hence using the inelastic expression will be incomplete.

B. Capillary pressures and interface shape equation

The interface shape equation �23� is given by the normal
component of the interface force balance equation �10�:

− �szs · k − k · �Tb
S − Tb

N� · k = − pc = ��s · Ts� · k ,

�48�

where pc is the capillary pressure. This equation is also
known as the interface shape equation. As a consequence of
the dependence of the interface tension on deformation, ori-
entation, and interface tilting, the capillary pressure for the
soft-solid-nematic interface is given by the sum of Laplacian
�−pc

Laplacian� and non-Laplacian �−pc
non-Laplacian� contributions.

To find the capillary pressure associated with elastic stresses
we use the divergence expression �37� for tangential tensors
and find upon use of Eq. �D2�

��s · Ts
SS� · k = Ts

SS:m

= − pc
stress

= Ts
SS:m

= ���bk − �b��n · k�2�H + �b�n�n�:m� . �49�

The capillary pressure associated with elastic stresses van-
ishes for homeotropic orientation �n=k�.

To find all of the contributions to the capillary pressure
we use Eq. �41a� for Ts and find that −pc is given by the
divergence of the capillary vector and a solid stress term:
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− pc = − �s · � + Ts
SS:m

=
���

�k
:m

area size

+
���

�k
:m

area tilting

−
���

�n
:��sn�T

director curvature

−
���

�bs
��sbs�T

area deformation

+ Ts
SS:m
stress

, �50�

where the first term on the right-hand side is the Laplacian
pressure term due to changes in area size found in all mate-
rials �23�, the second term is due to energy changes due to
area tilting, the third is due to energy changes due to director
curvature, the fourth is due to energy changes by area defor-
mation, and the last is due to elastic stress; the symbol � �
denotes a triple contraction. The full expressions for −pc,
found by using the capillary vector �Eq. �39��, and the spe-
cific expressions of all terms are presented in Appendix E.
Equation �50� clearly demonstrates that the classical Laplace
pressure is just one of five contributions, and that pressure
drops may be sustained in the absence of curvature �m=0�
by four distinct mechanisms.

In partial summary, an efficient derivation of the capillary
pressure was presented using the capillary vector �, and the
physical meaning of five different capillary pressures was
identified. The main difference between the capillary pres-
sure of elastic and inelastic surfaces is

elastic: − pc = − �s · ��n,k,bs� + Ts
SS:m , �51a�

inelastic: − pc = − �s · ��n,k� . �51b�

It can then be concluded that the inelastic expression has no
shear contributions and an incomplete capillary vector.

VII. APPLICATIONS

In this section we use the theory to calculate the effect of
strain on the two fundamental capillary processes: �a� inter-
face orientation, and �b� interface shape, as follows.

�a� In the first example the interface shape is fixed and the
director reorients due to elastic torques generated by an ex-
ternal load acting on the solid. This case arises when the
energy costs due to interface area increases �s ·�� are
greater than the energy savings due to interface tilting
�s ·��

�s · �� � �s · �� . �52�

In this case shape undulations that increase interface area are
not possible, but strain-induced director tilting on a flat sur-
face is possible if

� ��c

�n
� � � ��an

�n
� . �53�

This equation states that it is easier to tilt the director on a
flat surface than undulate the surface with constant and fixed
anchoring.

�b� In the second application the energy costs due to in-
terface area increases are less than the energy savings due to
interface tilting:

�s · �� � �s · �� . �54�

In this case undulations that increase interface area are pos-
sible, if the strain effect on interface tilting overcomes the
resistance from a fixed director:

� ��

�k
� � � ��

�n
� . �55�

A. Strain-driven anchoring transition

In this application we consider a flat and strained interface
between a soft solid and a thick nematic film. The nematic
film is sufficiently thick so that the bulk nematic elasticity
plays no role. The key issue is to determine how strain af-
fects director interface orientation. We use �x ,y ,z� frame and
assume the director deviation from the unit normal is defined
by n ·k=cos �, n= �nx ,ny ,nz�= �sin � cos � , sin � sin � ,
cos ��, where � is the polar angle, and � is the twist angle.
We assume that a flat interface is subjected to a equibiaxial
extension. For this case the unit tensors �found using Eqs.
�A2�, �A7�, and �A12��, the interface deformation tensor Fs,
and interfacial Finger tensor bs are given by

Is = IS = I − k · k = I − K · K, Fs = �� 0

0 �
�,

bs = ��2 0

0 �2
� , �56�

where � is the stretch ratio. Since �s ·��� �s ·�� �see Eq.
�52�� holds, k=K and no shape change is assumed to occur.
The governing torque balance equations �18� for the tilt and
twist angle become

��Tan

��
= 0,

��Tan

��
= 0. �57�

Using Eq. �24b� we find that the equilibrium twist angle
obeys

��− �bk��2�2� − �2�sin � cos � = 0, �58�

and the twist angle is undetermined: 0����. The stable
polar angle � depends on the sign of the deformation-
dependent coefficient in the brackets. The conditions leading
to stable homeotropic ��=0� and planar ��=� /2� polar
angles are

� = 0, �− �bk��2�2� − �2 � 0,

� = �/2,�− �bk��2�2� − �2 � 0. �59�

The critical stretching for a homeotropic-planar transition is

�c =� �2

2�− �bk�
. �60�

Four different scenarios arise:
�i� �2�0 and �−�bk��0: The orientation is homeotropic

if ���c, and and planar if ���c.
�ii� �2�0 and �−�bk��0: The orientation is always ho-

meotropic.
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�iii� �2�0 and �−�bk��0: The orientation is planar if
���c, and homeotropic if ���c.

�iii� �2�0 and �−�bk��0: The orientation is always
planar.

This model predicts that biaxial extension strain-induced
sign changes in the effective anchoring constant leads to an-
choring transitions in the polar angle, while the azimuthal
angle is degenerate. The effect of interface shear is beyond
the scope of this paper, but it can be stated that certain para-
metric conditions lead to a planar anchoring with preferred
twist angle.

B. Strain-driven shape distortion

In this section we explore the possibility of interface
shape distortion of an initially flat interface through the ac-
tion of an imposed planar extensional solid deformation. A
similar instability but driven from elastic stress in the bulk of
a liquid crystal in contact with a soft solid was recently re-
ported �8�. The unit normal to the initial flat interface is, in a
rectangular �x ,y ,z� coordinate system, K=�z, where �z is
the unit vector in the z direction. We further assume that the
director is initially homeotropic �n=K�, which corresponds
to �2�0. We wish to determine whether an interface undu-
lation under a constant director field �n=K� can decrease the
energy. Using Appendix A, the geometry and deformation of
the flat interface are

n = K = �z, �61a�

Fb = �x�x�x + �y�y + �z�x�x, �61b�

Bb = �x
2�x�x + �y�y + �z

2�x�x, �61c�

FS = �x�x�x + �y�y, �62a�

BS = �x
2�x�x + �y�y. �62b�

We subject the initially flat interface S to a small perturbation
��x� in the normal �z� direction:

��x� = �o cos��x� . �63�

The unit normal k and unit tangent e to the distorted inter-
face s are given by

k = K − �x��x = K + �o sin��x��x, �64a�

e = �x − �o � sin��x�K , �64b�

where ��o , � � are the amplitude and wave vector. Using Eqs.
�61a�–�61c�, �62a�, �62b�, �63�, �64a�, �64b�, and �A14b��, it
is found that the interface finger tensor bs for the distorted
interface is bs=Bs+o��2�, where o��2� indicates a perturba-
tion tensor that is second order in the amplitude �o. To de-
termine the energy changes due to interface undulations, it is
best to compute the capillary pressure, using Eq. �45�. For
weak deviations from homeotropic anchoring, the capillary
pressure simplifies to

− pc = − �s · � + Ts
SS:m = � + ���� , �65�

where � is a constant and ���� contains all the perturbation
dependent terms. A perturbation ��x� decreases the interface
energy when

���� � 0. �66�

According to Eq. �65�, the capillary pressure for a homeotro-
pic interface with a 1D periodic distortion is

− pc = „� − ��2 + �bk�
2�…�1, �67a�

�1 = �xx� = − k2� , �67b�

where �1 is the principal curvature due to the perturbation.
Substituting Eqs. �67a� and �67b� into inequality �66� we find
that the interface instability equation is given by

� = − „� − ��2 + �bk�
2�…k2 � 0. �68�

Equation �68� shows that strain-induced undulation is pos-
sible if the energy increase due to undulation is overcome by
the energy decrease due to tilting:

�
energy increase for surface creation

� ��2 + �bk�
2�

energy decrease by tilting
→ 2�iso

− �2 � �bk�
2, �69�

Since 2�iso-�2�0 for all known systems, we reach the con-
clusion that stretching leads to interface undulation whenever

�bk � 0,� ��2�iso − �2

�bk
. �70�

The mechanism of strain-induced shape deformation is based
on the fact that the solid deformation renormalizes the an-
choring energy, such that increases in energy due to increases
in interface area are overcome by decreases in energy due to
interface tilting. In other words, even if undulations always
increase surface area, tilting a sufficiently strained aniso-
tropic surface may lead to a net energy decrease. A similar
instability is discussed for anisotropic solid films on p. 617
of �18�.

VIII. CONCLUSIONS

A mechanical theory for soft-solid–nematic-liquid-crystal
interfaces has been formulated in terms of interfacial force
and torque balance equations. The theory can be applied to
interfaces involving gels, elastomers, biomaterials and ther-
motropic nematic liquid crystals. Inspired by elastic film
physics �18�, a constitutive interface energy equation that
couples interface strain, director and interface orientation is
formulated. The capillary pressure of soft-solid–liquid-
crystal interfaces contains geometric and orientation curva-
ture, as well as strain gradients effects, implying that pres-
sure differentials exist even in flat interfaces. The interface
torque equation shows that strain generates torques able to
reorient the director. Applications of the theory to strain-
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induced reorientation show that interface extensional defor-
mations can tilt the director from its preferred orientation.
Applications of the theory to strain-induced interface struc-
turing shows that interface extensional deformations can pe-
riodically tilt the interface away from a flat configuration.
This work shows that interface strain in soft solids is a pos-
sible mechanism for shape and structure generation in
complex-fluids–soft-solid interfaces.
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APPENDIX A

Geometry and deformation

The purpose of the appendix is to derive and discuss the
bulk and interface Finger tensors used to describe defroma-
tions in elastic bulk and surface phases, and to present the
geometry related quantities used throughout the paper.

In this paper we consider arbitrary deformations �43,44�,
beyond the linear regime. This may be necessary when con-
sidering arbitrary large bulk deformation processes that may
couple to surface processes. Consider the distortion of a ref-
erence interface S into an interface s �43,44�. The material
interface coordinates in the reference configuration are U�,
�=1,2 and the material interface coordinates in the present
configuration are u�, �=1,2. The configurations of the inter-
face s and S are xs=xs�u��, Xs=Xs�U��, and the deformation
is given by u�=	��U�. The interface s can then be repre-
sented by xs=xs(	

��U�)=�s
��U�. The interface base vectors

a�, A�, for s and S are

dxs =
�xs

�U�dU� = a�dU�, �A1a�

dXs =
�Xs

�U�dU� = A�dU�, �A1b�

a� =
�xs

�U� , �A1c�

A� =
�Xs

�U� �A1d�

and the corresponding interface matrix tensors �a�� ,A���,
determinants �a,A�, and unit normals �k ,K� are

a�� = a� · a�, �A2a�

A�� = A� · A�, �A2b�

a = det�a��� = a1 � a22, �A2c�

A = det�A��� = A1 � A22, �A2d�

k = a1 � a2/�a, �A2e�

K = A1 � A2/�A . �A2f�

Reciprocal base vectors for s and S are

dU� =
�U�

�x
· dx = a� · dx , �A3a�

dU� =
�U�

�X
dX = A�dX , �A3b�

a� =
�U�

�x
, �A3c�

A� =
�U�

�X
. �A3d�

The interface unit tensor ��
� and interface idemfactor of s and

S are defined by

��
� = a� · a�, �A4a�

Is = I − kk = Is
T = a�a� = a��a�a� = a��a�a�, �A4b�

��
� = A� · A�, �A5a�

IS = I − KK = IS
T = A�A� = A��A�A� = A��A�A�.

�A5b�

The interface curvature tensors m and M for s and S are

m = − �sk , �A6a�

�s = Is · � =
�

�U�a�, �A6b�

M = − �SK , �A6c�

�S = IS · � =
�

�U�A�. �A6d�

The interface deformation gradient Fs and its inverse Fs
−1 are

defined by

dxs = Fs · dXs, �A7a�

Fs =
�xs

�Xs
=

�xs

�U�

�U�

�Xs
= a�A�, �A7b�

dXs = Fs
−1 · dxs, �A8a�

Fs
−1 =

�Xs

�xs
=

�Xs

�U�

�U�

�xs
= A�a�. �A8b�

The deformation gradient tensors F transforms tangential
vectors lying in S into vectors in s, in particular
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a� = Fs · A�. �A9�

The inverse deformation gradient tensors F−1 transforms tan-
gential vectors lying in s into vectors in S, in particular

A� = Fs
−1 · a�. �A10�

It follows that the unit idem factors Is, IS are given by

Fs · Fs
−1 = a�a� = Is = I − kk , �A11a�

Fs
−1 · Fs = A�A� = IS = I − KK . �A11b�

Using the deformation and inverse deformation we can de-
fine the symmetric positive definite interface Finger tensor
bs:

bs = Fs · Fs
T

=
�xs

�Xs
· � �xs

�Xs
	T

=
�xs

�U�

�U�

�Xs
·
�U�

�Xs

�xs

�U�

= a�a��A� · A�� = a�a�A��. �A12�

The bulk Finger tensor bb is given in terms of the bulk de-
formation gradient Fb and initial and final bulk position vec-
tors �Xb ,xb� as follows:

bb = Fb · Fb
T =

�xb

�Xb
· � �xb

�Xb
	T

. �A13�

In the case of bulk-surface affine deformation, the interface
Finger tensor bs in terms of bb and unit normal k is

bs = �Is · F · IS� · �IS · FT · Is� = Is · �F · FT� · Is = Is · bb · Is.

�A14a�

bs�b,k� = b − kk · b − b · kk + kk · b · kk . �A14b�

In the present configuration the mean curvature H and the
interface curvature tensor m of the interface “s” are given by

H = −
1

2
�s · k =

1

2
Is:m = −

1

2
Is:�sk =

1

2
��1 + �2� ,

�A15�

m = − �sk = �1e1e1 + �2e2e2, �A16�

where ��i� and �ei�, i=1,2, are the eigenvalues and eigen-
vectors of m. The interface divergence of Is is a normal
vector: �s ·Is=2Hk.

APPENDIX B

The purpose of this appendix is to present the derivation
of the bulk force balance equations �8� and �9�, the interface
force balance equation �10�, the bulk torque balance equation
�17�, and the interface torque balance equation �18�.

1. Force balance equations

The force balance on the total volume of the system R is
given by �24�

�
S

�� · Tb�dA + �
C

� · Tsd + �
R

�bzbdV + �
�

�szsdA = 0.

�B1�

Using the divergence theorem in the presence of an interface
of discontinuity the interface integral becomes �24�

�
S

	 · TbdA = �
R

� · TbdV + �
�

�k · Tb�dA . �B2�

Using the interface divergence theorem the interface stress
term becomes

�
C

� · Tsd = �
�

�s · TsdA . �B3�

Collecting the bulk and interface contributions yields the fol-
lowing integral force balances:

�
R

�� · Tb + �bzb�dV = 0, �B4a�

�
�

��s · Ts + �szs + �k · Tb��dA = 0 , �B4b�

which are satisfied when

� · Tb
SS + �b

SSzb = 0 , �B5a�

� · Tb
N + �b

Nzb = 0 , �B5b�

�s · Ts + �szs + k · �Tb
SS − Tb

N� = 0 . �B6�

2. Torque balance equations

The total torque balance equation resulting from forces
and couples is �26�

�
S

r � �� · Tb�dA

+ �
C

�r� · Ts�d + �
S

�� · Cb�dA + �
R

r � ��bzb�dV

+ �
�

r � ��szs�dA = 0 . �B7�

Next we use the bulk, and interface divergence theorem to
evaluate the terms in Eq. �B7�. Using this theorem on the
bulk stress term yields

�
S

r � �� · Tb�dA = �
R

� · �r � Tb�dV + �
�

r � �k · Tb�dA .

�B8�

Using the following identity

� · �r � Tb� = r � �� · Tb� + Tbx

= − r � ��bzb� + Tbx. �B9�

Substituting Eq. �B9� into Eq. �B8� gives
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�
S

r � �� · Tb�dA = �
R
„− r � ��bzb� + Tbx…dV

+ �
�

r�k · Tb�dA

= 0 . �B10�

Similarly using the identity

� · �r � Ts�

= r � �� · Ts� + Tsx

= − r � �k · Tb� − r � �s
s + Tsx �B11�

and upon a subsequent application of the interface diver-
gence theorem gives

�
C

r � � · Tsd = �
�

�− r � �k · Tb� − r � �szs + Tsx�dA .

�B12�

We now proceed with the bulk couples and obtain

�
S

� · CbdA = �
R

� · CbdV + �
�

�k · Cb�dA . �B13�

Collecting terms we find the bulk, interface, and line bal-
ances for the nematic phase:

�
RN

�Tbx + � · Cb�dV = 0,

�RSS�Tbx + � · Cb�dV

= 0, �
�

�Tsx + �k · Cb��dA = 0 .

�B14�

For an isotropic nonpolar soft solid Tbx
SS=0, Cb

SS=0. Thus the
differential torque balances on the bulk nematic and the in-
terface are

Tx
N + � · Cb

N = 0 , �B15a�

Tsx − k · Cb
N = 0 . �B15b�

In terms of torque vectors the balance equations �B15a� and
�B15b� read

�b
N = 0, �B16a�

�s − k · Cb
N = 0 . �B16b�

The last equation indicates that the interface torques are bal-
anced by the bulk couples.

APPENDIX C

The purpose of this appendix is to present the bulk ener-
gies, and then derive the bulk stress tensors, bulk couples,

and the bulk torques. The bulk stress tensors appear in the
force balance equations �Eqs. �8� and �9��. The bulk couples
and bulk torques appear in Eq. �17�.

1. Bulk elasticity

In this section we present and discuss the elastic energies
that arise when contacting a soft elastic solid with a nematic
liquid crystal. The soft elastic solid occupies region RSS, the
nematic liquid crystal occupies region RN, and the interfacial
area is A. The total free energy of the system is �5,16,22�

F = Fb
SS = Fb

N + Fs, �C1�

where Fb
SS is the total bulk solid free energy, Fb

N the total
bulk nematic free energy, and Fs is the total interface free
energy. For isotropic solids the energy is �27�

Fb
SS =� �b

SS f̂b
SSdV , �C2a�

f̂b
SS = �K̂b/2 − 2Ĝb/3��bb:I�2 + Ĝbbb:bb, �C2b�

where the symbol ˆ denotes per unit mass. In Eq. �C2b�, K̂b is

the bulk modulus of compressibility and Ĝb is the modulus
of elasticity.

The total bulk nematic free energy Fb
N is given by

�5,16,22�

Fb
N =� fNdV , �C3a�

fN = f iso
N + +fg

N, �C3b�

where fN is the bulk energy per unit volume, f iso
N the isotropic

contribution per unit volume, and fg
N is the gradient energy

per unit volume known as Frank elastic energy. The energy
per unit volume f iso

N is independent of the director orientation
and play no direct role in this paper. The Frank elastic energy
per unit volume is given by �5,16,22�

fg
N =

1

2
K11�� · n�2 +

1

2
K22�n · � � n�2 +

1

2
K33n � � � n2,

�C4�

where �Kii�; ii=11,22,33 are the splay, twist, bend �Frank�
elastic constants.

2. Bulk stresses

At constant temperature the differential of the free energy

per unit mass f̂b
SS= fb

SS/�SS= f̂b
SS�bb� in the soft solid due to

changes in density and deformation is

df̂b
SS =

tb��
dSS

�b
SS dbb��, �C5�

where tb��
dSS is the elastic stress tensor. The symmetric bulk

elastic stress due to distortion in the soft solid is according to
classical elasticity:
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Tb
SSd�bb� = �Tb

SSd�T

= �b
SS� � f̂SS

�bs
	

= 2Gbbb + �Kb − 2Gb/3��I:bb�I , �C6�

where Gb=�b
SSĜb, Kb=�b

SSK̂b. Assuming an incompressible
nematic phase, it can be shown that the asymmetric bulk
stress in the nematic phase due to orientational gradients is

Tb
N�n, � n� = − pNI + Tb

Nd, �C7a�

pN = �C− fgrav
N − fg

N�, �C7b�

Tb��
Nd = −

�fg
N

���n�

��n�, �C7c�

where the gravitational energy fgrav
N is defined by �fgrav

N

=�b
Nzb and where C is a constant.

3. Bulk couples and bulk torques

Bulk couples Cb arise in the presence of orientation gra-
dients ��n�0�. The derivation of the couple tensor is found
in �22,26� and its expression is

Cb�� = ����n��b��; �b�� =
�fb

N

��� n�

. �C8�

To find the relation between bulk couples Cb and bulk
torques �b it is best to use invariance relations under energy-
preserving rotations. Using rotational invariance �32�, it is
found

����� �fb
N

�n�

n� +
�fb

N

���n�

��n� +
�fb

N

���n�

��n�	
= ����� �fb

N

�n�

n� − tb��
Nd + �b����n�	

= 0, �C9�

where the definition �C7c� for tb��
Nd was used. Introducing the

bulk molecular field hb �22�,

hb� = −
�fb

N

�n�

+ ��� �fb
N

���n�
	 = −

�fb
N

�n�

+ ���b��, �C10�

Eq. �C9� gives

����tb��
Nd = ����n�hb� − ����n����b�� − ������n��b��

= ����n�hb� − ��Cb��. �C11�

Using Eq. �6a� we find that the torque is


b� = ����Tb��
Nd + ��Cb�� = ����n�hb�. �C12�

Equation �C12� shows that bulk torques ��b� arise due to
asymmetric distortion stress �Tb

Nd� and spatial gradients in
the bulk couples stresses �� ·Cb�.

APPENDIX D

The purpose of this appendix is to present the expressions
for the elastic solid contributions to the interfacial stress ten-
sor, defined in Eq. �25�. The specific contributions of solid
deformation to the normal �Ts

Sn�, elastic �Ts
SS�, and bending

�Ts
Sb� stress components are found by replacing � by �c in

Eqs. �27�, �30�, and �32�, and their expressions are

Ts
Sn = ��c�Is = ��bbs:nn + �bk/2�Is:bs��n · k�2�Is, �D1�

Ts
SS = � ���c�

�bs
	

k,n

�S�

=
1

2
���bk − �b��n · k�2�Is + �bn�n� ,

�D2�

Ts
Sb = − Is · � ��c

�k
	

n,bs

k = − �bk�Is:bs��n · k��Is · n�k ,

�D3�

where n� =n ·Is. Thus the solid deformation contributes to the
three stress components: normal stress, shear stress, and
bending stress. For homeotropic anchoring �n=k� the inter-
face must behave as an isotropic material and the total solid
stresses, as expected, reduces to an interface pressure:

Ts
Sn + Ts

SS + Ts
Sb =

�bk

2
„1 + �Is:bs�…Is. �D4�

It is worth emphasizing that interfacial shear stress appears
only in the presence of surface anisotropy, as expected.

APPENDIX E

The purpose of this appendix is to give the derivation of
the interfacial torque equation �6b�. The starting point of the
derivation is Eq. �44�. Expressing ��� /�k��k� in terms of the
bending stress tensor �see Eq. �32�� we find

��

�k
k = − Ts

b + kk ·
��

�k
k . �E1�

Substituting Eq. �E1� in Eq. �44� and rearranging gives the
dual of the interfacial bending stress tensor:

− �:Ts
b = − �:
 ��

�n
n + kk�k ·

��

�k
	 + � ��

�bs
	T

· bs

+
��

�bs
· �bs�T� . �E2�

Using the relation between interfacial torques, the dual of the
interfacial stress tensor and the dual of the bending stress
tensor �Tsx=−� :Ts=−� :Ts

b�, demonstrated in Eq. �35�, we
find using Eqs. �6b� and �E2�:

�s = Tsx

= − �:Ts
b

= − �:
 ��

�n
n + kk�k ·

��

�k
	 + � ��

�bs
	T

· bs +
��

�bs
· �bs�T� .

�E3�
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Performing the tensor operations indicated in the right-hand
side of Eq. �E3� gives after cancellation:


s� = − ����n�

��

�n�

− �����bs��

��

�bs��

+ bs��

��

�bs��
	

= − ����n�

��Tan

�n�

. �E4�

Defining the interfacial molecular field hs Tan by

hsTan,� = −
�� Tan

�n�

, �E5�

where the subscript was added to highlight the fact that it is
a function of �Tan, finally gives the interfacial torque equa-
tion �45�. It is worth emphasizing that Eq. �E4� shows that
the torque on the director �s only involves the total anchor-
ing energy �Tan �see Eq. �24b��. Eq. �E4� for �s is the ana-
logue to the bulk torque equation �C12�.

APPENDIX F

The purpose of this appendix is to derive the full expres-
sions of all the contributions appearing in the capillary pres-
sure Eq. �50�. The full expressions, found by using the cap-
illary vector components �Eqs. �38� and �39�� and the
expression of the solid stress tensor �Eq. �D2�� in Eq. �50�,
are as follows.

�a� Laplacian contribution:

− pc
Laplacian = − pc

area size =
���

�k
:m = 2H� = ���1 + �2� .

�F1�

�b� Non-Laplacian contributions:

− pc
area tilting =

���

�k
:m = „�2 + �bk�Is:bs�…„nn − �n · k�2I…:m

= „�2 + �bk�Is:bs�…���n · e1�2 − �n · k�2��1

+ ��n · e2�2 − �n · k�2��2� , �F2�

− pc
director curvature = −

���

�n
:��sn�T = − „�2 + �bk�Is:bs�…

��tr�kn�sn� + tr�kn�tr��sn�� , �F3�

− pc
strain = −

��

�bs
��sbs�T = − �bk�n · k��tr„n��s · bs�…

− tr�nk�tr„k��s · bs�…� , �F4�

− pc
stress = Ts

SS:m = ���bk − �b��n · k�2�H + �bn�n�:m .

�F5�

Equations �F1�–�F5� show that the solid contributions to cap-
illary pressure enters in all four contributions. For finite bs,
this capillary pressure vanishes only if m=0 and n=k, or in
other words, flat interfaces with homeotropic �n=k� orienta-
tion states. When �c=0,bs=0, the results agree with previ-
ous work �41�.
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